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ABSTRACT 
 
In this paper, I presented the analysis and numerical results for free transverse vibration of 
thin rectangular plates having arbitrarily varying non-homogeneity with the in-plane 
coordinates along the two concurrent edges. For finding the general governing differential 
equation first used the Kirchhoff’s plate theory by considering their assumptions. 
After finding the governing equation for the plate. For the non- homogeneity a linear 
variation for Young’s modulus and density of the plate has been assumed. Finite difference 
method (FDM) has been used to obtain the eigen value problem for such model plate for 
two different boundary condition at the edge namely (i) CCCC fully clamped (ii) CSCS two 
opposites are clamped and other two are simply supported.  
By solving these eigen value problem using MATLAB, the lowest three eigen value have 
been reported as the first three natural frequencies for the three mode of vibration. The effect 
of various plate parameters such on the vibration characteristics has been analysed. Three 
dimensional mode shape has been plotted. 
Keywords: Non-homogeneity, flexural rigidity, FDM, Non-dimensional frequency parameters 
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1.Introduction 
 
Plate structure 
 
Plate structure element is characterised by its property such as, it is a three dimensional solid 
whose thickness is very small as compared to the other dimensions and the effects of the 
load that applied on it generate the stresses which are generally normal stress only. The plate 
bounded by the two parallel planes, and the distance between the plate is called the thickness 
of the plate. The 2D plate theory give the approximate results such as 3D plate like structure. 
Because the one dimension of the plate is very less compared to other two dimension of the 
plate. So it is a plain stress condition in which the stresses like 0z z zx zy     . Along 
with the stresses the shear strain yz xz   is also zero. 
1.2 Background 
 
Several years ago, in the aerospace field an engineer needed to know the first three 
frequency and mode shape of a rectangular plate of a certain aspect ratio along with the 
certain boundary condition. After various literature search for several weeks, they only get 
two first frequency but not get any accurate mode shape. Since he had neither the analytical 
capability of solving the problem nor the money and time needed for experimental 
programme. 
Since we know that, as the technology is increasing rapidly, the requirement of the advanced 
material is also at a high demand due to their extensive use in the engineering applications, 
especially for the performance in the high temperature environment. Because these material 
are stiffer, stronger and corrosion resistance. This literature provides free vibration analysis 
of thin rectangular isotropic plate having arbitrarily varying non-homogeneity with the in-
plane coordinates along the two concurrent edges.  
But now-a-days, technologists are able to tailor advanced material by mixing two or more 
materials to get the desired properties along the one/more direction due to their extensive 
demand in the many field of modern engineering applications, and especially for 
performance in the high temperature environment. Usually, these materials are stiffer, 
stronger and corrosion resistant than the other conventional material used earlier. The 
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structural element made up of such material will be non-homogeneous by nature in which 
the material properties may vary continuously in a certain manner either along a line or in a 
plane or in a space. During the past few decades, due to development of high speed digital 
computer and numerical methodologies a huge amount of work analysing the dynamic 
behaviour of the plates of various geometries with different boundary condition. Despite the 
aforementioned researches on the vibration of the non- homogeneous rectangular plates, 
there exists very few researches in which two-dimensional (2D)- arbitrary variation for the 
non-homogeneity of the plate material has been considered. 
1.3 Present Work 
 
The present work is done to fill this gap of isotropic plate with the uniform thickness. For 
such plate model, the governing differential equation of motion has been solved employing 
the Finite Difference Method (FDM). Further, this consideration for non-homogeneity 
together with aspect ratio of the plate shows their effect on the natural frequencies for the 
all possible combination of the classical boundary condition at the four edge of the plate 
material. 
But, in this paper linear model for non-homogeneity of the isotropic material have been 
considered assuming that the Young’s modulus and density are varying in same distinct 
manner along the both in plane coordinates. The non-homogeneity arises due to arbitrary 
variation in Young’s modulus and density. All of these investigation have been taking 
poison’s ratio   as constant. This type of non-homogeneity arises during the fibre reinforced 
plastic structure, which use fibre of different strength properties along two mutually 
perpendicular directions along the edges of the plate. 
Since we know that there are totally 21 possible boundary conditions for a rectangular plate. 
this will generate a huge data therefore in this present work, the numerical computation has 
been carried out only for the two boundary condition, namely (i) CCCC- all the four edge 
are clamped, (ii) CSCS- two opposite edges are simply supported and the other opposite 
edges are clamped with the linear variation of Young’s modulus and the density. The effect 
of non-homogeneity parameters, density parameters and the aspect ratio on the natural 
frequencies has been investigated for the first three modes of vibration. 
 
 
 4 
 
 
 
1.4 Novelties of this paper 
 
(i) Plate type structure of 2D model for the non-homogeneity has been proposed. 
(ii) The Young’s modulus and density of the plate material are assumed as a function 
of in-plane coordinates x and y.  
(iii) The proposed model encompasses various unidirectional/bidirectional, linear 
and non-linear models. 
(iv) FDM solution has been obtained successfully to find the mode shape of this 
model plate structure Natural frequency found by using the Rayleigh method 
with deflection function as a product of beam function. 
(v) This analysis may be useful for missiles and aircraft designers, solid state 
physicist and, in general people engaged in material science.
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Chapter 2 
 
Literature Review 
  
 6 
 
 
2.1. Literature Review 
 
Since we know that, as the technology is increasing rapidly, the requirement of the advanced 
material is also at a high demand due to their extensive use in the engineering applications, 
especially for the performance in the high temperature environment. Because these material 
are stiffer, stronger and corrosion resistance. This literature provides free vibration analysis 
of thin rectangular isotropic plate having arbitrarily varying non-homogeneity with the in-
plane coordinates along the two concurrent edges.   
The study of non-homogeneous material with fair amount of accuracy is of practical 
importance from the view point of design engineers. In this regard, the earliest model for 
the non-homogeneity was proposed by Bose  [1] in which Young’s modulus and density of 
the plate material are supposed to vary with the radius vector i.e. ( ,  ) = ( 00 , )r. An 
approximate solution is obtained using Ritz method. The frequency parameter Ω is found 
to increase with the increase in non-homogeneity parameter as well as taper parameter, 
while it decreases with the increase in density parameter. 
Later on, Biswas  [2] developed a model for non-homogeneity considering the exponential 
variation for torsional rigidity 
z
e 10
  and the material density 
z
e 10
  , where 
00 ,  and 1  are constants. DQM (Differential Quadrature Method) has been used to 
analyse the free vibration of non- homogeneous orthotropic rectangular plate of parabolic 
varying thickness resting on Winkler foundation. 
Das and Mishra  [3] deals with the transverse vibration of elliptical and circular plate using 
two dimensionally boundary characteristics orthogonal polynomial using Rayleigh Ritz 
method by  considered the non-homogeneity of the plate characterized by taking Young’s 
modulus   Z 10 and density  
2
0 1



 Z , 10    and  is an integer 
greater than 3. 
Rao et al. [4] proposed a model for non-homogeneous isotropic thin plate by assuming linear 
variation for Young’s modulus and density given by  x 10 and  x  10  , 
 being constant. 
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The free transverse vibration of non -homogeneous circular plate of linearly varying 
thickness on the basis of classical plate theory has been analysed with help of Tomar JS, 
Gupta DC and Jain NC [5]. In which The frequency parameter increases with increase the 
rate of increase for free plate is higher than simply-supported plate but lesser than clamped 
plate. 
The Natural frequencies for free vibration of non-homogeneous elliptic and circular plates 
using two-dimensional orthogonal polynomials has been analyse with help of Chakravety 
and Pety [6]. In this paper the non- homogeneity is taken by considering linear variation of 
the Young’s Modulus and parabolic variation of the density of the material. The first five 
natural frequencies have been analysed in this paper.  
Effect of non-homogeneity on asymmetric vibrations of non-uniform circular plates has 
been analysed by Seema Sharma, R. Lal, Neelam Singh [7] where the non-homogeneity 
arises due to exponential variation of the Young’s modulus as well as density parameters 
along the radial direction. The first three natural frequencies are found with using of Ritz 
method. The effect of the taper parameters and the density parameters has been analysed in 
this paper. 
Free transverse vibrations of nonhomogeneous orthotropic rectangular plates with bilinear 
thickness variation resting on Winkler foundation are presented by Yazuvendra kumar, R. 
Lal [8] by using two dimensional boundary characteristics orthogonal polynomial using 
Rayleigh Ritz method on the basis of classical plate theory. Orthogonal polynomial has been 
generated by using Gram-Schmidt. The non-homogeneity is considering by taking the linear 
variation of the Young’s modulus as well as density. The two dimensional thickness 
variation is considered by taken Cartesian product of linear variation. In the previous all 
literature papers there is assumption taken that the Poisson’s ratio is constant throughout. 
However, in the two studies Rossi and Laura [9] it has been found that effect of the Poisson’s 
ratio on the frequency is not appreciable and reported as considerably less than 1%. 
Free vibration analysis of clamped orthotropic plate material using Lagrangian multiplier 
technique by R. L Ram Kumar et al., [10]. Transverse shear deformation effects were 
included using a higher-order plate theory. The validated free vibration analysis has also 
been used to develop an analysis to predict the dynamic response of clamped orthotropic 
plates subjected to low-velocity impact by a hard object. Effect of non-homogeneity 
parameters, aspect ratio and thickness variation together with foundation parameter on the 
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natural frequencies has been illustrated for the first three modes of vibration for four 
different combinations of clamped, simply supported and free edges correct to four decimal 
places. 
The hierarchical finite element method is used to determine the natural frequencies and 
modes of a flat, rectangular plate by Bardell [11] Ten different boundary conditions—
including free edges and point supports—are considered in this paper. Extensive results are 
presented for each case (including the variation of frequency with the aspect ratio and the 
Poisson ratio), and these are shown to be in very good agreement with the work of other 
investigators. This confirms both the applicability and accuracy of solution of the HFEM to 
problem of this type. 
Kantorovich method has also been used to find the natural frequencies of orthotropic 
rectangular plates Sakata et al., [12]. In this method the natural frequencies are obtained by 
the successive reduction of the plate partial differential equation and by solving the results. 
The reduction of the partial differential equation is obtained by assuming an approximate 
solution satisfying the boundary condition along the one direction and then apply the 
Kantorovich method. 
Vibration analysis of laminated composite plates on elastic foundations by Ishan 
kucukrendeci and Hasan Kucuk [13]. In this study the composite plates consist of layers and 
layer are arranged at different angles. And this plate supported by the springs of five 
different points. The finite element method is used to find the natural frequencies of this 
plate model. The boundary condition of the plate having three different conditions i.e 
clamped, simply supported and free edge. MATLAB is used to solve the equation.  
Free vibration analysis of rectangular plates with variable thickness M. Huang [14]. In this 
paper an approximate method which is based on the Green function of a ate plate is used. 
The Green function of a rectangular plate with arbitrary variable thickness is obtained as a 
discrete form of solution for the deflection of the plate with concentrated load. The solution 
is obtained at each discrete point which are equally distributed on the plate. After applying 
the green function, the free vibration of the plate converted into the eigen value problem of 
matrix. The convergence an accuracy of the numerical solution for the natural frequencies 
parameters calculated by the proposed method. 
Hybrid method for the vibration analysis of the rectangular plate by Kerboua et al., [15]. 
This paper basically related to the dynamic analyses of the rectangular plates.  Mathematical 
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model is developed by the hybrid method and finite element method and Sander’s shell 
theory is used to find out the frequency of this plate material. The in plane displacement 
membrane component is modelled by bilinear polynomials and the out of plane, normal to 
the mid plane displacement component is modelled by an exponential function. the 
displacement function is obtained by the exact solution of the equilibrium equation and the 
mass and the stiffness matrices are then determined by exact analytical integration to 
established the dynamic plate equation. 
Vibration analysis of the structure with Differential quadrature approach by Richard 
Bellman et al., [16]. This technique could be utilized in a simple manner to obtain the 
solution of non-homogeneous differential equations derived from applications of the theory 
of invariant imbedding to transport process. In this paper the ideas offer a new technique 
for the numerical solution of initial value problem for the ordinary and partial differential 
equations for a certain complex problem  
A general boundary condition new approach for implementing the general boundary 
condition in the GDQ free vibration analysis of rectangular plates is presented in this paper 
by C. Shu, H. Du [17]. In this approach boundary condition is directly coupled with the 
governing equation. The accuracy of this approach are demonstrated through its application 
to the vibration analysis of a rectangular plate with various combination of free edges and 
corners. In this approach the equally spaced grid distribution method has been used to find 
the natural frequencies of the plate.  
Harmonic differential quadrature method and its application to analyse of structural 
components String et al., [18]. This method can be used to analysed the buckling and the 
free vibration of the beams and rectangular plates. In this method a new technique is used 
to find out the weightage coefficient for the differential quadrature. It is more efficient than 
the DQ method especially for the higher order frequencies and the buckling load of the 
rectangular plates under the wide range of the aspects ratio. 
 
Kuldeep S. Virdi [19] Finite difference method for nonlinear analysis of Structures. This 
paper describes a sustained line of development of methods of nonlinear analysis of 
structural element and frames using FDM. This method is also extended to use in composite 
frames and structure. A good correlation with this experiment has been obtained for the 
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deflection. Also the problem of nonlinear response of the structure has been successfully 
solved. 
Analysis of beam by the FDM (Finite Difference Method) Gautam Chattopadhyay [20]. In 
this paper studied how the FDM technique can be used to find the deflection and frequency 
of the beam at each node of the distributed grid points. 
Accuracy study of the FDM by Nancy Jane Cyrus, Robert E. Fulton [21]. In this paper FDM 
used for linear differential equation. Definite error for each expression is derived from the 
Taylor series. This method is used to assess the accuracy of two alternate forms of central 
finite difference approximations for solving the boundary value problem of the structural 
analysis which are governed by the certain equations containing variable coefficient. 
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MATHEMATICAL FORMULATION
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3.1. Mathematical Formulation 
 
For the mathematical formulation, considered a non-homogeneous isotropic rectangular 
plate of  uniform thickness h , density  yx,  having a domain byax  0,0 , where 
a and b are length and breadth of the plate respectively. The x-axis and y-axis are taken along 
the edge of the plate and the z-axis is perpendicular to the xy- plane. The middle surface 
being 0z  and the origin is at one of the corners of the plate as shown in figure 2(a). 
 
 
Figure 1 Geometric of the isotropic plate    
3.1.1 Kirchhoff- love plate theory  
 To find the equation of motion of this plate model. Let us taken the infinitesimal plate of 
length, breadth and height dx, dy and h respectively. The Kirchhoff–Love theory of plates is 
a two-dimensional mathematical model that is used to determine 
the stresses and deformation in thin plates subjected to forces and moments. It is extension 
of Euler-Bernoulli beam theory developed by Love in 1988.  
3.1.2 Assumption 
The assumptions which is used to find the equation of motion of this plate model are- 
(i) straight lines normal to the mid-surface remain straight after deformation. 
(ii) straight lines normal to the mid-surface remain normal to the mid-surface after 
deformation. 
(iii) the thickness of the plate does not change during a deformation. 
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Figure 2 Force (intensity) acting on the plate element 
The Figure 2 shows transverse shearing force intensities 
zQ and yQ , the in-plane normal and 
shearing force intensities xN , yN  and xyN , and their incremental changes are shown acting 
on the sides of the element, with positive forces acting in positive directions on positive 
faces. The shearing force xyN  are identical on the face at x = 0 and y = 0. Because the 
shearing stress causing them are equal. 
 
Figure 3 Moment (intensity) acting on the plate element 
Figure 3 shows the bending moment and the twisting moment intensities and their 
incremental change. The twisting moment xyM are identical on the face at x = 0 and at y = 
0. Because the shearing stress causing them are equal 
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.  
Figure 4 shows the deformed middle surface of the plate element showing slopes and their change 
The figure 4 shows that incremental changes are shown at all the corner of the element with 
positive changes assume in positive direction. For small displacement, it is assumed that the 
slope and the sine of the angle are equivalent. 
For equilibrium summing the forces in z-direction 
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(3.1) 
 
We know that equilibrium equation from theory of elasticity by neglecting the inertial force 
and transverse shear stress. because yz  and zx  are small relative to other stress. 
Because these equations must be satisfied for every infinitesimal thickness dz of the plate 
element, their integral over the thickness also satisfied 
0





yx
xyx

 
0





yx
yxy 
 
 
        
(3.2) 
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(3.3) 
Using equation (2.3) in equation (2.1), the equilibrium equation in z-direction 
 
2 2 2
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
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(3.4) 
Similarly, the forces in x and y-direction 
2
2
x yx
x y
NN w w u
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x y x x y y t

        
     
           
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x y
N N w w v
Q Q
x y x y y y t

         
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           
         
       
 
(3.5) 
Now, moment about x and y-axis are 
 
 
3 3
2
3 3
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x y x t
M M h w
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

 
  
   
  
  
   
 
 
       
 
(3.6) 
 
Figure 5 Kinematics of plate deformation 
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An edge view of the portion of the plate material shown in figure. The deformed shape is 
shown in broken lines while the un-deformed shape is shown in unbroken lines. The 
longitudinal elastic displacement of a point P on the mid-plane is depicted by 0u . The 
longitudinal displacement of the points within the plate written as 
                                                                                           
The strain displacement function is 
2
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0 0 2
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(3.8) 
 
 
Since we know that for the isotropic material, strain stress relationship is 
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 17 
 
Now the force and moment integral for the homogeneous plate is- 
 
With the help of equation, (2.8) and (2.9) get the value of force intensities and moment 
intensities.  
 
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2 2
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2
,
,
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(3.11) 
 
Now using the equation (2.11) in equation (2.6) to find the xQ  and yQ  
 
2 2 3 3 2
2 2 3 2
1x
D w w w w D w
Q D
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           
 
 
  
 
 
(3.12) 
Now put the value of xQ , yQ  in the equation (2.1), and the in-plane forces are first 
determined from the equation (2.10). They are uncoupled each other in case of bending 
and stretching. Since the analysis of this plate model is based on free vibration i.e.  0q 
.Therefore the equilibrium equation (2.1) will become   
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(3.13) 
 
 
 
(3.10) 
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Where, 
 
 
 
3
2
,
,
12 1
E x y h
D D x y

 

 
3.1.3 Consideration of Non-homogeneity 
  
For the harmonic motion the displacement w is assumed to be 
Now for considering the non-homogeneity considering the non-dimensional variables 
axX / , byY / , ahH /  and awW / . And the variation of the Young’s modulus 
and density of the plate material as a function of in-plane coordinate. 
 
   
   sr
qp
YXYX
YXEYXE
210
210
1,
,1,




 
 
(3.15) 
 
Thereafter the equation (2.13) reduces to 
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(3.16
) 
 
The consideration of this type of non-homogeneity help in complex problem and be practical 
use for Geologist to apply it as a tool in examining the heterogeneity of the material. 
 
3.2 Boundary Condition 
 
The two type of boundary condition namely, CCCC and CSCS have been considered where 
the symbol C, S denotes the clamped and the simply supported. In a notation such as CSCS 
the first symbol indicates the condition at X= 0, the second is at Y= 0, the third at X= 1, the 
fourth at Y= 1. 
    tieyxwtyxw ,,, 
 
           (3.14) 
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Figure 6 Boundary condition 
 
3.2.1 Clamped edge 
 
 0, 0
dW
W
dX
   at 0X   and 1  
 0, 0
dW
W
dY
  at Y = 0  and 1  
 
 
 
 
(3.17) 
 
 
3.2.2 Simply Supported edge 
 
 
 
 
 
 
 
 
 
 
2
2
 0, 0
d W
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  at 0X    and 1  
2
2
 0, 0
d W
W
dY
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(3.18) 
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Chapter 4 
 
METHOD OF SOLUTION
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4.1. Method of Solution 
All together there are 21 combinations of simple boundary conditions (i.e., either clamped 
(C), simply supported (SS), or free (F)) for rectangular plates. Frequency parameter does 
not depend upon the Poisson’s ratio until at least one of the edge of the plate is free. However 
because D  contains  , the frequency themselves depends upon   for all cases.  
4.1.1. Method of Solution Using FDM Technique 
Finite difference method is important tool for the analysis of structures. Due to FDM 
technique a sustained line of development of methods of nonlinear analysis of structural 
element and frames. This method is also extended to use in composite frames and structure. 
A good correlation with this experiment has been obtained for the deflection. Also the 
problem of nonlinear response of the structure has been successfully solved. 
Since we know that the FDM technique is a numerical method to find the approximate 
solution of a differential equation. It is very helpful to find the solution of partial differential 
equation. In this method at first the problem has to discretized. This is done by dividing the 
problem domain into a uniform grid. Therefore, it is also known as discretization method. 
For this plate model divided the model into M N  grid points. The length and the width of    
each grid is X  and Y  respectively. 
 
 
Figure 7 Grid point distribution on a rectangular domain 
For applying the method FDM, one has to divide the computational domain of the plate 
 0 1,0 1X Y     by drawing the line parallel to X -axis and Y - axis respectively. 
The total number of functional value in the whole domain is N M . Equally space grid 
points have been considered for the analysis of the plate model.  
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Figure 8 Demonstration of interior points, adjacent points and boundary of a rectangular plates 
Figure (8) shows that number of grid points vary from  1i   to N  in x-direction and 
 1j   to M in the y-direction. Let choose a grid of coordinate  ,i jX Y  and  displacement 
function at that coordinate will be  ,W i j . The equation (3.16) have the 4th order partial 
differential term of two variables. Now for solving the equation (3.16) by FDM technique 
we have to find the value of partial differential part in the form of forward difference. 
e.g.  
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(4.1) 
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(4.2) 
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(4.3) 
 
 
Now put the required above value in the equation (2.16) we get 
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(4.5) 
 24 
 
 
 
 
 
 
 
Similarly, the discretized boundary condition along the four edge of the rectangular plates 
can be written as  
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(4.7) 
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4.1.2 For clamped edge 
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4.1.3 for simply supported edge 
 
 
With using of the boundary condition in the converted governing equation of the plate we 
get the solution of this plate model. 
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5.1.NUMERICAL RESULT AND DISCUSSION 
The numerical solution of equation (4.17) for each boundary condition has been obtained 
using the software MATLAB. Out of the various eigen values for each set of the value of 
the plate parameters, the lowest three eigen values have been retained as the first three 
natural frequencies. In this study there is one variation of non-homogeneity namely, linear 
i.e. 1p q r s     (LVN) and parabolic variation i.e. 2p q r s     considered for 
the illustration with the values of the other plate parameters .  
The variation of the non- homogeneity parameters 1 and 2  0.5 0.1 0.5  ; and the 
density parameters 
1  and 2  0.5 0.1 0.5  ; and the aspects ratio / 1a b  ; and poison’s 
ratio 0.3  . To choose an appropriate number of grid points  ,N M , convergence study 
of frequency parameters   with increasing value of grid points 8(2)22N M  , for 
homogeneous ,1D non-homogeneous and 2D non-homogeneous plate has been carried out 
for the different value plate parameters. For the evaluation of the frequency parameters   
assumed equally spacing grid points. 
Table 1 Convergence of frequency Parameters   with the grid points  ,N M  for homogeneous 
 1 1 2 2 0        square plate 
 
Table 1 shows that after taking   1 1 2 2 0        the plate model become 
homogeneous because the Young’s modulus function become   0,E X Y E  as well as 
mass density function become   0,X Y  . The first three modes of vibration for a 
particular set of the plate parameters where the maximum value of the grid points was 
required. From the table, it is clear that number of grid points required the same accuracy is 
Mode 
No. of grid points 
  
I II III I  II III 
CCCC  CSCS 
8N M   34.9911 71.0297 71.0301 27.5662  53.6742 65.0396 
10N M   34.9815 72.2956 72.2956 27.9560  52.7323 68.1993 
12N M   34.9815 72.3939 72.3939 27.9509  53.7431 68.3270 
14N M   - 72.3989 72.3939 -  53.7431 68.3270 
16N M   - - - -  - - 
18N M   - - - -  - - 
20N M   - - - -  - - 
22N M   - - - -  - - 
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in the order of the nature of the plate. It is found that for the same set of the values of the 
other plate parameters the frequency parameters for the CCCC edge is higher than CSCS 
edge for each and every mode. 
Table 2 Convergence of frequency Parameters   with the grid points  ,N M  for homogeneous 
 1 1 2 20.5, 0        square / 1a b   plate 
 
Table 2 shows that when we take the different value of 1 2 1. ,    and 2 other than zero, 
then non-homogeneity of this model come into existence because the Young’s modulus 
function and the mass density function depends on the non-dimensional variable X  and Y
. Since in the above table I had taken  1 1 2 20.5, 0       for considering the non-
homogeneity the value of the frequency parameters   decreases from the  previous value 
of the frequency parameters table for the mode shape I. It is found that the   for  LVN as 
well as for PVN for the same set of the values of the other plate parameters is found in order 
of boundary condition CCCC > CSCS. It is found that the   for the CCCC boundary 
condition for the same set of the values of the other plate parameters is found in order of 
LVN > PVN. 
 
 
 
 
 
 
LVN 
Mode 
No. of grid 
points 
  
I II III I II III 
CCCC CSCS 
8N M   34.3790 71.4567 71.3676 27.1498 53.8239 67.2525 
10N M   34.1039 72.2956 72.3956 27.9560 53.7323 68.1993 
12N M   35.1038 72.3100 73.3939 27.9560 54.6856 69.2100 
14N M   35.1038 72.3100 73.3939 - 54.6858 69.2100 
16N M   - - - - 54.6858 - 
18N M   - - - - - - 
20N M   - - - - - - 
22N M   - - - - - - 
 
 
 
 
 
PVN 
8N M   24.0596 28.1413 38.2386 23.7852 26.6687 33.5612 
10N M   24.0526 28.1513 35.5876 23.7800 26.6587 33.1521 
12N M   24.0425 28.1617 35.5261 23.7800 26.6566 33.1421 
14N M   24.0425 28.1915 35.1264 - 26.6512 32.8962 
16N M   - 28.1916 35.1265 - 26.6512 32.8742 
18N M   - 28.191 35.1265 - - 32.8732 
20N M   - - - - - 32.8732 
22N M   - - - - - - 
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Table 3 Convergence of frequency Parameters   with the grid points  ,N M  for homogeneous 
 1 1 2 2 0.5        square / 1a b   plate 
 
Table 3 shows that when we take the different value of 1 2 1. ,    and 2 other than zero, 
then non-homogeneity of this model come into existence because the Young’s modulus 
function and the mass density function depends on the non-dimensional variable X  and Y
.Since in the above table I had taken  1 1 2 2 0.5       for considering the non-
homogeneity the value of the frequency parameters   decreases from the  previous value 
of the frequency parameters table for the mode shape I. It is found that the   for  LVN as 
well as for PVN, for the same set of the values of the other plate parameters is found in 
order of boundary condition CCCC > CSCS. It is found that the   for the CCCC boundary 
condition for the same set of the values of the other plate parameters is found in order of 
PVN > LVN. 
 
 
 
 
 
 
 
LVN 
Mode 
No. of grid 
points 
  
I II III I II III 
CCCC CSCS 
8N M   35.9958 72.8952 72.3676 28.9952 54.9853 68.5231 
10N M   35.9526 72.7625 72.3256 28.9862 54.9762 68.6542 
12N M   35.9214 72.2156 72.3210 28.9861 54.9642 69.5362 
14N M   35.9214 72.2156 72.3210 28.9861 54.8942 69.2489 
16N M   - - - - 54.8942 69.2489 
18N M   - - - - - - 
20N M   - - - - - - 
22N M   - - - - - - 
 
 
 
 
 
PVN 
8N M   36.6214 73.5082 73.5216 29.4098 55.4362 69.1398 
10N M   36.5642 73.4521 74.1520 29.4087 55.9030 69.9421 
12N M   36.5542 74.0920 74.1463 29.4092 55.1107 69.9511 
14N M   36.5542 74.0920 74.1205 29.4044 55.1102 69.5111 
16N M   - - 74.1205 29.4044 55.1101 - 
18N M   - - - - 55.1101 - 
20N M   - - - - - - 
22N M   - - - - - - 
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Figure 9 Frequency parameters   versus non-homogeneity parameters 1  for a square CCCC 
plate for 1 2 0.5    , for the first, second and third mode respectively 
 
 
Figure 10  Frequency parameters   versus non-homogeneity parameters 1  for a square CSCS 
plate for 1 2 0.5    , for the first, second and third mode respectively 
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Figure 11 Frequency parameters   versus non-homogeneity parameters 1  for a CCCC square
1 2 0.5    , for the first, second and third mode respectively 
 
 
Figure 12. Frequency parameters   versus non-homogeneity parameters 1  for a CSCS square
1 2 0.5    , for the first, second and third mode respectively 
 32 
 
Figure 9 and 10 shows the graphs for the frequency parameters   versus non homogeneity 
parameters 1  for the square plate with the fixed value of 1 2 0.5    and three different 
values of 2 0.5,0,0.5    for the first three mode of vibration for the two different 
boundary condition. It is found that the frequency parameters   increases as the stiffness 
of the plate along X-direction (i.e. 1 ) increases whatever the value of the 2 . It further 
shows that frequency parameters   increases with stiffness of the plate along Y-direction 
(i.e. 2 ) changes from -0.5 to 0.5.The rate of increase of frequency parameters   with 1  
increases with increasing the number of modes for the given boundary conditions CCCC > 
CSCS  for the same set of the values of the other parameters. The effect of the 2 on the 
frequency parameters   is more pronounced for 1 = -0.5 as compared to 1 =0.5.  
 
Figure 11 and 12 shows that Frequency parameters   versus non-homogeneity parameters 
1  for a square 1 2 0.5    , for the first, second and third mode respectively. The 
frequency parameters  decreases as the value of density parameters 1  increases i.e. plate 
density becomes higher along X-direction whatever the value of 2 for the both the 
boundary condition. Also the frequency parameters decreases due to increasing the value of
2 . It means the plate also become denser in Y- direction by increasing the value of 2 . The 
rate of decreasing the value of   with 1  is higher in CCCC plate boundary condition as 
compare to CSCS plate boundary condition for the same set of the values of the other plate 
parameters. 
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Figure 13 frequency parameters   versus aspect ratio for CCCC plate 
 
Figure 14 frequency parameters   versus aspect ratio for CSCS plate 
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Figure 13 and 14 shows the behaviour of the aspect ratio  on the frequency parameters   
for 1 2 0.5    , 1 2 0.5     for the two different boundary condition CCCC and 
CSCS plate for the first three mode of vibration. The graph for 1 2 1 2 0.5         
has not be shown in the figure because it was overlapping with each other graphs.  From the 
figure it has clear shown that the frequency parameters   increases with the increasing of 
the aspects ratio   for all the three modes of vibration. When the value of  becomes large 
for these boundary condition the plate behaves like a beam of length a , C/S at both the ends 
undergoes the anticlastic bending. Due to which the frequency parameters   increases. The 
effect is more prolonged when 1   and in the order of the boundary condition CCCC > 
CSCS for the same set of the values of other plate parameters. And this effect also increases 
with increase in the number of modes. 
5.1.4. Mode Shape 
Boundary 
condition 
Mode shape 
 
CCCC CSCS 
 
 
 
I 
 
 
 
 
 
II 
 
 
 
 
 
 
III 
 
 
 
 
Figure 15 Mode shape  
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Figure 15 shows various modes of vibration a) CCCC and b) CSCS for 
1 2 1 2 0.5        and 1  .  
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Chapter 6 
 
CONCLUSION 
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6.1. Conclusion 
The variation of the non-homogeneity of the plate material on the vibration characteristics 
of the rectangular plates has been analysed using the FDM technique method. For 
illustration the numerical result for linear variation for the non –homogeneity have been 
obtained for the first three modes of the vibration for the two different boundary condition 
CCCC and CSCS.  
6.1.1 Observation 
The following observation has been made: 
(i) With the increase of non-homogeneity parameters of the plate, the non-dimensional 
frequency parameters increase when the density parameters of that plate material 
remain constant. 
(ii) When the Young’s modulus parameters kept constant, non-dimensional frequency 
parameters decreases with increasing of the density parameters. 
(iii) For the both boundary condition non-dimensional frequency parameters increase 
with increase the value of aspects ratio   when the other parameters of the plate 
remain constant. 
(iv) When there is no change in the other parameters of the plate the non- dimensional 
frequency parameters for the PVN is smaller as compared to LVN in non-
homogeneity, when the plate density higher toward the edge 0X   and 0Y   as 
compared to 1X   and 1Y  .When  the change in order of density of the plate the 
results become the vice versa. 
(v) When there is no change in the density parameters the value of the non-dimensional 
frequency parameters is higher for PVN as compared to LVN because, the plate is 
more stiff towards the edges 0X   and 0Y   as compared to the 1X   and 1Y 
. The results will be vice versa when the order of the stiffness changes from previous 
case. 
6.1.2. Future Work 
The above analysis is useful in the field of electronics and aerospace industry. Due to its 
non-homogeneity this paper can also give some idea in the field of metallurgy. This type of 
the non-homogeneity arises during the fiber reinforced plastic structure and in composite 
structure, which use fibers of different strength properties along two mutually perpendicular 
directions along the edge of the plate.   
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